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INTRODUCTION 

An analyt_ic func_tion_ within a circle can be expanded by --raylor's series. 
If a function which is not analytic within a circle is expanded by Laurent's series. 

CONVERGENCE OF A SERIES OF COMPLEX TERMS 
Let (u, + iv1) + (u2 + iv2) + (u3 + iv

3
) + ... +(u + iv)+ .. . 

. . n n . .. f I) 
be an infinite series of complex tenns: u 

1
, u

2
, · .•• v 

1
, v

7 
••• being real numbers. 

(a) If the series I.un and I.un converge to the sums U ;nd V then series.( l) is said to convcr, • 
to the sum U + iV. gt, 

(b) If ( l) is a convergent series, then 

lim (un + ivn) = 0 
n-,, .,,,., 

(c) The series ( 1) is said to be absolutely· convergent if the series 

\z., 1 + iv 1 \ + \u2 + iv2\ + \u3 + iv3\+ ... +\un + iv n\+ .: . 
is convergent. Since \u n\ and \v n\ are both less than \un + iv n\. 

(d) Let the series 

converge to the sum S(z) and Sn(_z) be the sum of its first n tenns. 

. "") . .. 1....:.. .. 

The series (_2) is said to be abso\ute1y convergent in region R, if corresponding to an)· 
positive number c:, there exists a positive number 1\J. 

\ S(z) - Sn(z) \< £ for n > 1V 

(e) Weirstras's, M-test holds good for series of complex terms also. 

Series (2) is uni·form\y convergent in a region R if there is a convergent series L :\1n .. 

Such that \an(z) \~Mn · 

A uniformly convergent series can be integrated term by tenn. 

• 

• 

A series in po,vers of (z - zo) is cal\e<l power ser,es. 
n ~ 2 z-z) + ........ . • • • (}) 

an (z-zo)'1 ·=ao+c1, z-zo 2 
• 

n==<> . h fficie11ts of the series. 
are kno\vn as t e coe . 

·Here ac' a 1' a2, ·············, a,1' ········ . \\ 'd the centre of the series. 
'. , · b 1 c and z 1 s ca e l-lere z 1s a complex varia . {) . h oint z . 

. r series about t e p o ( 1) is also called t\1e powe 
• 
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i'. 
I ; 

J 

,., 2 +a z"+ ..... 
'\' _,, - a + a1 z + a2 z + ·· ·· 11 
,£., a,,,. - o 

11 =0 • 

Here the centre of the series is zero. 

filE7T] REGION OF CONVERGENCE . . . 
. t· gence is the set of all pomts z for which the senes conv The region o conver . erges 

h d. 1. ct possibilities for a convergent senes. · There are t ree 1s m 
(I) The series converges only at the point z = Zo 

(2) The series converges for all the po'.nt~ in the_ whole plane. 

(3) The series converges everywhere ms1de a circular plane I z - z
0 

I < R h 
. h .d . • W ere R. . radius of convergence and diverges everyw ere outs1 e the c1rcle/circuJa . is the 

r nng. ~I{~~iJ RADIUS OF CONVERGENCE OF POWER SERIES 

Consider the power s_eries I.a,,z". 

By Cauchy theorem on limits, radius of convergence R is given by 

I I 11/n ("") 1 li Ian+![ (i) -= lim a,, . 11 ·-= m --
R ,, ➔.. R n ➔ oo a

11 

~s:~,).Il.ljw_~ Find the radius of convergence of the power series 

f(z) = ~ ~ 
"-' n ! 
n=O 

Solution. Here, a
11 

Radius of convergence is given by 

I 1· I an+I I 1· 1 . - = lffi -- = lffi -- = Q 
R n ➔ oo a

11 
n ➔ oon+l 

R=oo 

Hence, the radius of convergence of the given power series is oo. 

Find the radius of convergence of the power series 

. ~ z" 
f(z) = "-'--

11-0 2" + 3 
Solution. Here, -

an=--
2" +3 

⇒ a =_J_ 
11+1 211+! +3 

Radius of convergence is given by 

R l
a I n l+l_ lim ~ - 1· 2 + 3 ' · 2" I 

- 1m -= l1m ---,,_. .. a ll--+00211+1+3 3 --
II 11-.+oo 2+- 2 

R=2 2" 

Hence, the radius of convergence of th . . . . 
. e given power senes 1s 2. 

Ans. 

Ans. 

joO· f{ere, 
solllt 

a = n n"' an+t :::::---L_ 
. (n+1y+1 

. of convergence 1s given by 
oad11JS I 
~ 1 . a I - = hm-!!.:!. _ . n 

R n--).., a - hm ~ 
n 11--+oo (n + 1r+1 

lirn~ . 
11 ➔ 00 (n+I)11 ( == Inn I 

n+J) n--+ .. ~(-')n ==. O 
R = oo I+; (n+ I) 

:::> . f 
ce the radius o convergence of th . 

(-!en -r½7?.;] . . e given power seri . 
L~.,..,_,~_;1_1_,_;~,x~:-,,:& Fmd the radius o• conv es IS~-

> ~l£t'"""-"'~ Oo 'J ergence of th 

L n , e power series . /(z) sc: .....,:__n • 
n L. 

n=O n 

Solution. Here, a11 

n! 
nn 

Now, 

(n+l)! 

(n + 1r1 

(n+ l)! _i:__ _ n! nn nn n 

(n+1r1 n! - (n+I)" ·-;;j"= (n+It =(n:1) 

Radius of convergence is given by 

l . I an+ I I . 1 I - hm - .- = lim----
R n ➔ oo an n ➔ oo( !),,-; 

l+-
n 

⇒ R = e. 
Hence, the radius of convergence of the given power series is e. 

EXERCISE 14.1 
Find the ~adius of convergence of following power series: 

I. L. z" Ans. I 2 I ~ 
n=c\ nP • n=O 3n+l 

3. r (1+~r z" 
1 

4. I (S+l2irzm Ans. -
ll=cQ n e m=O 

5. L. 2n+3 z" Ans. 1 
n.,o (2n + S)(n + 5) 

Ans. 

Ans. 

Ans. 3 

Ans. IJ 
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I~£{] METHOD OF EXPANSION OF A FUNCTION 

i -r~Y . 
~ ' f(Z)=:; J(a)+ /'(a) (z~a)+.LJ!!)_ 

2, (z-a)2 ,, 

:irY 1. Putting z == a+ h in . + -.. + l_(a)(z-at 
(l) Taylor's series 
(2) Binomial series 
(3) Exponential series 

~]TAYLOR'S THEOREM · 

•;, h h · t 1·0s1·de C e P
0

int a 
, ~1~Ifa function/(z) is analytic at all points inside a circle C, with its centre at th . 

t radius R, t en at eac pom z • and 

I 

V f(z) = f(a) + J'(a)(z - a)+ J"(a) (z - a/ + ... + F (a) (z _ )n 
2! n! a + 

Proof. Take any pointz inside C. Draw a circle C1 with centre a, enclosing the . 
w be a point on circle C

1
• point Z, let 

l 1 l C 

w-z w-a+a-z w-a-(z-a) 

(w-a)(i-~) 
w-a 

= _1 (1-~)-1 
w-a w-a 

Apply Binomial theorem 

--=-- +--+ -- + + -- + 1 1 [i z - a ( z - a )
2 

( z - a )" l 
w-z w-a w-a w-a ... w-a ... 

_I__ l + z-a (z-a)2 (z-a)" 
- -- 2 + 3 + ... + __;__:..___+ 

w-z . w-a (w-a) (.w-a) (w-a)n+l ... 

As 1z ~ al < lw - al ⇒ 
lz-al 
--<1 
lw-al 

So th_e series converges uniformly. Hence the series is integrable. 
Multiply (I) by f(w). 

f(w) = f(w) + ( - ) f(w) 2 /(w) /(w) 
z a + (z - a) --'--'---'-- + ( )" w-z w-a (w-a)2 3 ... + z - a --'-.:......_+ (w-a) ( n+l , ... w-a) 

On integrating w.r.t. 'w', we get 

J,,.~~;dw=fc1~~w~dw+(z-a)f f(w)2dw+(z-a/f f(w) dw+ 
<i (w-a) c, (w-a)3 

... (I) 

... + (z-a/f f(w) d n+I W + ... . .. (2) c, (w-a) 
We know that 

J 
f(w) 
--dz=21tif(z) and J f(w) dw . c, w-z -- = 21nf(a) 

c, w-a 
J, f(w) · 

c1 (w- a/ dw = 2rc i /'(a) and so on. 

coroll (3), We get . ~+ ... 
J(a + h) = J (a)+ hf'(a) + !{ , 

... (J l Proved. 

2! f (a}+... h" 
llllrY 2. If a = 0, the series (3) b ... + ~ f"(a) + 

(OfO ecornes . 
J(z) = f(0)+zf'(O)+f ,, 

2 / (0) + z" 
. eries is called Maclaurin's . · ...... +;if"(O)+ 

rn1s s_..,_ ;, ,.,; series. . 
.-:::--:-_._,_. ,_;ii~ Expand ez about a 
ir~i:.0)J/1$i:~ · 
~t;on- Here, we have 
50IU J(z) = ez 

f' (z) = ff 
f'(z) = ez 

f (a)=: e4 

f (a)"' e4 

f' (a)"' e" 

············· ···················•• .......... . 
······················ ······ ··· .. ········•• ... ......... . 

⇒ 

raylor's series of J (z) is 

Solution. 

⇒ 

⇒ 

............. 

f (z) = J(a) + (z _ a)f' (a)+ (z-a)2 ,, 
2, f (a)+ .... 

ez = ea+ (z-a) a (z-a)2 
l! e +~ea+ ......... . 

Expand the function 

f (z) = .!_ 
z 

about z = 2 in Ti l , . 

H 
ay ors series. Obtain its radius of convergence 

ere, we have, · 

J(z)= .!_ 
z I (z) 

J' (z) = _ _!_ 
z2 

nl 
f" (z) = (-It -· n+I . z 

By Taylor's series · 

Ans. 

(z-2)2 f" (z-2/ fn (2) 
f (z) =J (2) + (z - 2) f' (2) + -- (2)+ .......... +-- + .... .. 2! n! · 
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-"-------~ (. I )+0( 23)+ ..... (z-2)" (-l)" ~ 
= ;-+<=-2) -

2
2 2! l2 11! 211 +1 + .... 

- l ~ + (-It (7-2)" 
I I (--?) +-(;-2) -.......... ?"+t - + ........ 

= 2-4 ~ - 8 -

Altcrnatiw. . • . by Binomial expansion. 

We '~" exp,~ the g.ve: ful ncti;n ] = ]_ [( 
1 
+ .:..:2)-'] I z _ 

21 
< 

- := - := - z-2 ? 2 2 1 
z ·2+z-2 2 l+-2 - . 

_ ]_ [- z-2 + (-1) (-2) (z-2)2 
+ (-1) (-2) (-3) (z- 2)3 

- 2 1 2 2! 2 3! . 2 + ..... ] 

I z-2 _!_ --? 2 _ __!_ _ 3 = ---+ (.,_ _) (z 2) + ..... . 
2 4 8 16 · 

Radius of convergence 
I . a,,+1 1· 

( ) I 
(-1)"+1 2n+I I 1 

-= hm - = 1m --.-- =-
R 11->oo an 11->oo 2n+2 (-1)11 2 

⇒ 
R := 2 

[S:~;;}y~(( i;'.~ Expand f (z) = cash z about 1t i. 
e.. ~-.:.~- ___.-J 

Solution. Here, we have 
e' +e-z 

f(z) = cosh z :=--
2
- ⇒ /(n i) = cosh (n i) 

f' (z) = sinh z 
f" (z) = cosh z 
f'" (z) = sinh z 

By Taylor's series 

⇒ 

⇒ 

⇒ 

/' (ni) = sinh (ni) = i sin 7t = 0 
f" (ni) = cosh (n i) 
/"' (1ti) = sinh (ni) 

(z - 7t i)2 
,, . (z - 7t i)3 

f(z)=f(ni) +(z-ni)f'(ni) + 
2

! / (1t1)+ 
3

, f'"(ni)+ ., ... 

(z-ni)2 

= cosh ni + (z - ni) sinh ni +-'-----'- cosh(ni) 
2! 

A.ns. 

(z-ni)3 
. 

+ 3! smh(ni)+ ..... .... .. 

/{7
) = _

1 
(2 - ni)

2 
(z - 1ti)

4 

- + ?I a- 41 

fT ".::=/~ a i;'. '"'·H* '.,t, Expand f (z) = -- about z 
··---~- ~ ,- uo . bz + C O. 

Solution. Here, we have 

J(z) =-a
bz+c 

a a 
hz - bzo + hzo + c = b ( z - zo) + bzo + c 

Ans. 

~;;anct, 
~aure , --.. nt s Series •• , . · ... 

~--

(Binon~ial series) 

( 
b )n+I 

l
. bz0 +c 

= n~ (_k_)n -lim _!}_ _ b 
n-+oo bz +c - -b o zo +c 

bz0 +c 

(- -1)2 ( 1)3 
loo 7 :::1~-J) - Z -,:,- ,- - --+--+ 

Solution. Let Jl2) = log 2, 

f'(:.) = .!., 
z 

f"(z) =-J,-, 
·r 

f"'(z) = 2~1' 
z 

2 3 

j(l)=log I =O 

f' (!)=~=I 
I 

J"(l) = -1 

f"' (1) =2 

p v(z)=-3x2xlx..;., /"(l)=-3! 
z 

By Taylors series 

Ans. 
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. , . . .f"(a)(:-al f"'(a) _ 3 
/(:)=/(a)+./ (a).(:-a)+ 2! + 3! <--a)+ t 

i" 

r 

., . 
■ ■ ■ • 

~ .... :- .. : . 
.:·. 

'• 

/(:) ::. log z c.: log (1 + ~--=-i) 
On s11bstituting the values of_/{ 1 ),P( I ),f'( I) etc., we gel 

I 2 2 ( l)3 3 ! 4 
log z = 0 + I (: - I) - 2! (: -1) + 3! z - - 4 ! ( z - I) + .. ... 

I , 1 3 1 4 
" logz = (z-1)-

2 
(z-lt + 3 (z-1) - 4 (z-1) + ....... . 

i!f·@•l§ul Obtain the terms upto z3 in the Taylor's series expansion of 

(z2 +sin 2 z) · 

Solution. 

,::herefore, 

f(z) = 1-cosz 

about the point z = 0. Find its radius of convergence. 

The function/ (z) is not analytic when 1 - cos z = 0, 

that is when z = 2 n n, n is any integer. 

Atz = 0,/(z) has a limiting value 4. We have 

7
3 _s 

sin z = z - ~ + ::._ +. • • • • • • •· 
3! 5! 

. 2 2 z4 2 . 6 
SID Z = Z -- + - Z + ........ . 

3 45 

z2 z4 

cos z = 1- - + - + ... ··· ·· ··· · 
2! 4! 

= 2 2-~ _z__ z 3 4 
[ 

2 24 l[ 2 l 3 + 45 . .. . ... . . l + 12 - 720 z - ... ... . · · · 

=2 2+~--z4 -~-~ _2_ 4 
• [ 2 1 · 2 4 l 
. 6 120 . 3 36 + 45 z + .. ... .. . 

(Binomial series) 

~/ = 2 l 2 +~ -fj :::: 2 [2 z2 ---v~. "fldlaurent's Serj . . . . .. .. · .. •.·i~ .• 
_ es •• ,. . • 

~ between z = O a d 6 i- 0 ( 4 l . · ·· • 65~,· :,:.,r,, 
·!· . • n11ce · n the z ) - z2 · · ···• .• .,, -:-1 
.... oisw. . nearest - 4 - -.. . 
. -

1
~e . thefunct10n/(z)isnotan . Pointsz ::.: 3 +O(z4) . · · 

v111ch 2 alYt1c is 2 :!; 2n . 
,\I~ p. .:::: 7t · it. · · 

~---efo~e, Expand ~ 
z - 3z + 2 in the r . 

I I 
egion 

(a) z < I (b) lzl > 
2. ( c) I 

.. (/lziq 
:_, . 1Jere,/(z) = 2 -G.P.v_ 8 
~- 5olllt10Jl• z - 3z + 2 - ~)I - I , hopa[, /[/ Sernesr 
. I <- 1 (z -2) - ----.. - I er, Dec. 200"' 
i. ) Jf IZ , z-2 -- JJ 

, . (ti . cornrnon, bigger term out of I I z - I 
. . fiiJClllg z and 2, here . 
,.. I I 2 IS big 
.: J(z) == ( ) +- gerthan\zi S 
-~ · -2 1-~ 1- z · 

0 
we take 2 com 

1
,, 2 mon. 

~-.; .. 

Ans. 

\;.., 
ti~·-
l' r 
f ~--.• 
fli:,. 

1 ( z 2- 3 l == -- 1 +-+~+~ 
2 2 4 8 + ...... +(I + 2 

z +z +z3+ .. .... ) 

= 1-+ 32 +2z2+15 3 
2 4 8 'i62 + 

[By Binomial theorem] 

:;:·· .. . 

Which is th.e required expansion. 

(b) If I z I > 2 

We have, f(z) = -
1
- - -

1
-

z: -2 z-1 

Taking common, bigger term out ofJ z I and 2 h . . · , ere z is bigger than 2. So we take I z I common. 

J(z) = ( I 2) ( l rl(1-lJ-I _l(1-l)-I 
z 1- - z 1- - z z z z 

z z 

l(1+~+..±. 8 ) I( I I 1 J - 2 +--:::-t3 ...... -- 1+-+-+-+ ,,, z z z z z z2 z3 ·· ···· 

[By Binomial theorem] 

= Z-2 + 3z-3 + 7z--4 + ...... 

.-: · Which is the required expansion. Ans . . 

i'.' (c) For the expansion of the given function by Binomial expansion is valid where 1 < I z I< 2. · · · · • 
w •• 

,; 1 1 1 
=· f(z)= 2 3 2 =-2--1 
M• Z - z+ z- z-

...... . ,, .. 
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1 I . ---..____ 

- 2 -;--;-1 1 [l -s:::lzl 
1-- -- "'i] 

2 z 

= _ _!_ (1-!.)-J -_!_ (1-.!.)-J 
2 2 z z 

= _ _!_ [1 + !_ + ~ + ~ ······]-_!_ (1+.!. + __!__2 + __!__+ ) 
2 2 4 8 z z z z3 ···· 

1 . z z2 z3 1 1 1 1 
= -2 - 4 - 8 - 16 - ··········· - ; - z2 - z3 -

24 ······ 

Which is the required expansion. 

rii,'..~-~~fr;~;;j Find the first four terms of the, Taylors series expansion of the Ans, 
i/i:L,-=o~~- · variable function cornp/e:r; 

z+l Y 

f(z) (z-3)(z_:_4) 

about z = 2. Find the region of convergence. ro"1--~t--:::_4.._ ,.._ X 

z+l 
Solution. f(z)= (z- 3)(z- 4) 

If centre of a circle is at z = 2, then the distances of the singularities z = 3 and z = 
4 

fr 
orn the centre are 1 and 2. 

Hence if a circle i~ drawn ~ith cent~e ,z = 2 and radius ~, then wit~in th~ circle I z _ 2 I== I, 
the given function/ (z) 1s analytic, hence 1t can be expanded m a Taylors senes within the circle 
J z - 2 I= l, which is therefore the cii;cle of convergence. 

f( z) z+I --=i_+--
5

- (By Partial fi f 
(z-3)(z-4) z-3 z-4 rac ion method) 

-4 5 -I 5[ z-2]-l = ---+--- 4[1-(z-2)1 -- 1--
. (z-2)-1 (z-2)-2 2 . 2 [lz - 2 I< 11 

= 4[l+(z-2)+(z-2)2 +(z-2)3 + ... 1-~[1+ z-2 + (z-2)2 + (z-2)3 + ... ] 
2 2 4 8 

= ( 4-%)+( 4-¾)cz-2)+( 4-¾}z-2)
2 
+( 4- /

6
}z-2)3 + ... 

3 11 27 59 
= 2+4 (z-2)+8 (z-2)2 +16 (z-2)3 + ... 

Alternative method. In obtaining the Taylor series we evaluate the coefficients by contour 
integration. 

f(z)= z+l 
(z -3)(z -4) f(2)- 2+1 

(2-3)(2-4) 

3 

2 

To make the differentiation easier let us convert the given fraction into partial fractions 

-4 5 -+--
f(Z),-;: z-3 z-4 

4 5 
) --z--

j'(Z ~(z-3) (z-4)2' 

-8 10 
"( ) -~ +-:-I z - (z -3) (Z-4)3' 

24 30 
j'"(z)=== (z-3)4 ~ 

iaylor's and 
Laurent's S . 

enes 

!'(2)- 4 
- -:::---._ 5 

(2-3)2 _::---__ ll 
" (2-4)2 -4 

f (2)- -8 
- -;:--::_ I 0 

(2- 3)3 +-;:---_( _ 27 
2-4)] --

f'"(2)- 24 4 
--=---- 30 

(2-3)4 ----==~ 
l rseriesis/(z)=f(a)+(z-a)J'( (z )2 (2-4)4 8 

fa,Y O a)+ -a 
~ f"(a)+ (z-a)3 

z+l 3 · ~f"'(a)+ 

(z-3)(z-4) 2+(z.-2l!J.+~(27) ( 3 . 
4 21 - + Z-2) 177 

. 4 ~-+ 3 3! 8 ... 
= -+(z 2)11 2 

2 - -+(z-2)2 7 
. 4 ·s+(z-2)3. 59 + 

Fmd the Taylor series . 16 ··· Ans 
expansion of a fun r . 

f ( z) = 1 - c l~n of the complex variable 
(z-l)(z-3) 

about the point z = 4 F" d . . 
· m zts reg10 of convergence. n 

Solution. f(z)= (z-l)(z- 3)° y, 

If the centre of a circle is at z = 4, then the distan f h . . . 
. ces o t e smgulanties z = 1 d - 3 fi 

''e centre are 3 and 1 respectively. Hence, if a circle is d . h an z - rom 
u, . . . . 1 I - . rawn wit centre at z = 4 and radius 1 
then. within the circ e z - 4 I - 1 the given functionf(z) is analyti·c H . b ' 

· • · · h · . . • ence, 1t can e expanded 
l·n Taylor senes w1thm t e circle I z - 4 I = 1 which is there"ore th . I f 

, 1• e c1rc e o convergence. 

f(z) = l 1 (-· l ___ l) 
(z-l)(z-3) 2 z-3 z-1 

l [ 1 l ] 
= 2 z-4+ 1 (z-4)+3 

Taking common, bigger term outoflz-41 and3,here3 isbiggerthanJz-4 I, sowetake3 common. 

f(z) = _!_[ 1 1 1 l . 
2 l+(z-4) 3 l+z;4 · 

1 -1 l[ z-4]-l · . 
f(z)=-[l+(z-4)1 -- l+-

3
-

2 6 2 3 ] l z-4 (z-4) (z-4) + 1 2 3 --+----- ... =
2

[1-(z-4)+(z-4) -(z-4) + ... l-6[1 3 9 27 

⇒ 

( 
1 1) ( l l) (! _ _!_)(z-4)2+(-1-+_!_j(z- 4)3+ ... = ___ + --+- (z-4)+ 

2 54 2 162 . 
2 6 2 18 

j. 
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40 J 
I 4 13 (z-4)2--(z-4) + ... 

f(z)=---(z-4)+ 27 81 . 
· 3 9 . ·on of the given function of the complex . 

d ~ I 's Senes expanst . Variabt Which is the require ,ay or · e. 

sion of the given function by Taylor's . A.11s. 
d I btainin" the expan • series Altcrmitivc mctho . n o , "' . \Ve 

evaluate the coefficients byl contour integration._ l = .!. i 

f(z)= -3)' /(4)- (4-1)(4-3) 3_ 
(z -l)(z k d'f~ · · . . . t artial fractions to ma e t erenttatton easie 

Let us conve rt the given function m o P r. 

'( l __ 1) 
f(z)=2 z-3 z-1 

f'(z)=½[- (z\2 + (z~l)2]' 

rtz)= ½[ (z~J)' - (;~!)' l • 
l[ 6 6 ] - J"'(4) _ _!_[ __ 6_+_6_]- 80 

f"'(z)=2-(z-3)4+(z-1)4' -2 (4-3)4 (4-1)4 --27 

Taylor's series is _ 2 ( _ )3 

' ("'-a) f"( ) z a J"'( ) f(z)=J(a)+(z-a)f (a)+-2-! - a +-3-! - a+ .... 

1 ( 4) (z-4)
2 (26) (z-4)

3 (_80) 
I 

3 
+(z- 4) --9 +-2-! - 27 + 3! 27 + .. . 

(z-l)(z-3) 

I 4 2 13 3 40 
=---(z-4)+(z-4) ·--(z-4) -+ ... 

3 9 27 81 

Which is the required Taylor's Series expansion of the given function of the complex variable. 

. AnL 

~'.;?,:ii,:ihJij)l'J • Find the first three·terms of the Taylor series expansion of f(z) = -J--
4 

about 
. p · d h · if z + z = - 1. m t e region o convergence. 

1 
Solution. f(z)=-

z2 +4 

Poles are given by z2 + 4 = 0, ⇒ z2 = - 4, ⇒ z = ± 2 i 

If the centre of a circle is z = - i, then the distances of the singularities z = 2 i and z = - 2i 
from the centre are 3 and I. Hence if a circle of radius I is drawn with centre at z = - i, then within 
the circle I z + i I = I, the given function f (z) is analytic. Thus the function can be expanded in 
Taylor series within the circle I z + i I = 1, which is therefore the circle of convergence. 

.. --·-
y 

X' 

~i[-i !-~ -i !+~] ~i [t--k+_]___ 
X 

Y' 

3z · 1 1-...___ z+ · 
3i I+.__! 

~±[½ l+i;z+i) + l-i(~+i)]==¾[l{i+i(z+· }_,; 
3 3 3 i) +{1-i(z+i)r'] 

:::::-41 [½{1-½(z+i)+ (-l~\-2)G)2 (z+i)2+~(i)3 l 
31 - (z+i)3 
. 3 + ... 

-2i 

+ {l+i(z+i)+ (-1)(-2) 
----V-:- . (-i)2 (z + i)2 + I:!)(-2)(-3) . 3 }] 

3! (-z) (z+i)3 + ... 

1 l l i ") 1 ( 2 i ----(z+z -- z+i) +-(z+')3 
== 4 3 9 27, 81 I + ... +l+i(z+i)-(z+i}2-i(z+i)'+ ... ] 

1 [4 8i . 28 . 2 80 ] =- -+-(z + z)--(z+z) --i(z+i)3 + · 
4 3 9 · 27 81 ... 

l 2i ( ') 7 ( . 2 20 . 3 . j{z) =-+- z+z -- z+z) --1(z+i) + 
.. 3 9 27 81 ... Ans. 

Alternative method 

.. . (I) 

. f( ) /( ) ( )/'( ) (z - a)2 f"( ) (z-a)3 f"'( ) By Taylor expansion z = a + z-a a+-- a+-- . a+ ... ... (2) 
2! 3! 

Putting 

⇒ 

a = - i in (2), we get 

. . , . (z+i)2 f"( .) f(z) = J(-1)+(z+1)f (-1)+~ -1 + ... 

1 
f(z)=~

4 z + 

J(-i) 
(-i)2+4 -1+4 3 

-2z 
f'(z) = (z2 +4)2-



?. ahl.'1\11 : ~ 0. 
: 2 +(1+2i) .:+ 2i 

I 

L (:+ i)l. about : ""- 0 

Ans. 

z3 2z5 

Ans. z+ 3 + 15+ .... 

. : -" 
11. zcotz alKMz "' O Aas. I - -} -~

5
+ .... .. . 12. I z z-' 

Ans. -+---
2 4 48 

about z = O 

LAURENT'S THEOREM (U.P. Ill Semester Dec. 200g) 

/(=) = 

where 

d_ t.=) about a point where/(z) is not analytic, then it is expanded 
by Taylor 's Series. 

alyti_ ~-c 1 and c2, and the annul~ region R bounded by the two 
c~ ot radn r 1 and r'.! (r2 < 1·1) and with centre at a, then for all z in R 

-- )" _._ ·+_bi_+-----5_ 
I - a I ... '+ ... 

z -a (z-a) · 

A 

1 ·(u·) 
b = - . --'--'---'--- d w 

,: 2;: 1 '": (:£1 - afn+l 
c, 

Proof. B_ in~cing a cro~s cut Al!, _mult_i-con~ected region R is converted to a simply 
connected region. , owf(z) 1s analytic m this region. 

Now by Cauchy's integral formula 

f(z)=-1-f J ( ..... ·)d w +-I-f f (w) i - I f f( w)d w . 1 J f( w) 
2 . . c. w - +- --dw 

m e: w - z 2nz A8 w - z 2ni c, w-z 2ni BA w-z 

Integral along c2 is clockwise, so it is negative. Integrals along AB and BA cancel. 

f(z) = _I _ _ f f(w)dw _I_f f(w)dw 
2 7t I cl W - Z 2 7[ i c 2 W - Z ••. (I) 

For the first integral f ( w) c b d d · 
' w-z an e expan e exactly as m Taylor's series as z lies on c

1
• 

(
lz-al <_] 1. ) ·: w ICS on c, 
lw-al 

-. I __ f f(w)dw __ I_J f(w) dw+ (z -a)J f(w) ( )2 /( ) 
21t1 c, w- z 21ti c, w-a - 2 .,,. . -(--)-2 dw +~f ~dw+ ... 

,.1 c, w-a 2rci c,(w-a)' 

b b h_ 

=-'-+--2 -+-"3-+ 
z -a (z-a)2 (z-a)3 

... l)) 

I I f j(w)dw .,. ___ ---
. (:-a)3 21t i '~ (w-a{: -+ ..•• 

l ' I b =-
• 21' i <, L • 

j(w)J..· 1 
(w-ar,...[ J 

Substituting the values of both integrals from (2) and (3) in (I), we get 
' -I -2 f (z) = a0 +a1(z-a)+a2(z -at +bi(z-a) +b:?(:-a) + ... 

⇒ 

n ="" n="' b 

f(z ) = L all(z-ar + L (;:-na)n 
O n=I · 

. 11= . • . bersome &i· Binomial lheotem.. the 
Note. To expand a function by Laurent Theore'.° 15 cum · · · 

expansion of a function can be done easily. 

IP ;: in Laurent series w,Jid for • ffH'JPtiffl Expandf(z) == (z-1)(2-:) 
d (ii)0<\•- 2\<I. 2010) 

(i) lz - II > 1 an (G.B.T.V .. Ill Semester; Dec. 2012. 2011. .. . 

l 2 
z --+--

Solution: /(z) == (z - l)(2 _ z) - z - l 2 - z 

(i) lz - 1 I > t ⇒ - 1 
- < 1 

I z - ti 

I ~••• • 

I•• ■ = 

-... 
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I 2 I 2 l I ) 
/(z) = z _ I (z -1) - I = z - I - z - I I _ ! --

.. -I 

l 2 I ( )
-\ 

= z-1-~ I- z-1 . 

1 2( I l 1 ) = ----- !+--+---+---+ ... 
z - 1 z -1 z - I (z - 1)2 (z - 1)3 

which is required Laurent expansion. 

(ii) 0 < iz - 21 < 1. 
2 l 

f(z) = 2 - z + (z - 2) + 1 

2 l 
=--+---

2- z l+(z -2) 

2 [ · ]-1 --+ l+(z-2) 
2-z 

= - 2-+[1-(z-2)+(z-2)2 -(z-2)3 + .. . ] 
2-z 

which is required Laurent expansion. Ans. 
1§111j.\if,1 Obtain the Taylor or Laurent series which represents the Junction 

1 
/(z) (1 + z2)(z + 2) when 

(i) 1 < I z I < 2; 

1 
Solution. f (z) 

(l+z 2)(z+2) 

(ii ) I z I > 2 

z 2 
- - + - -

5 5 5 1 z -2 l l --+--=----+---
l+ z2 z +2 5J+ z 2 5z+2 [l<izl<2] 

1 

(ii ) t1~1" I - I - • 

1 z- 2 1 1 1 
f(z) == ----+--- 1 z- 2 11 1 

51 +z2 5 z+ 2--s-r--1 +s"z--2 
z 1+ - i 1+ --

z z 

== - 5~2 (z-2)ll + :2 r + ;z[ 1+f r 
=~J _ _!_+.3_](1- J_ J_ __ l ] I [ 2 4 8 16 . ] sl z z2 2 + 4 6 + ... +- 1--+-2 - -+-+ ... · 

z z z Sz z z z3 z4 

=.!.r _.!.+J.._J..+J.. 2 2 2 2 1 2 4 s ] sl z z3 z5 z7 + ... +2-4+6-B+ ... +--2+ J -,+ ... 
z z z z zz z z 

Which is the required series. 

u$@•\@J8 E~pand f(z)- (z+ l)\z+3) in Laurent series valid for 

// (1) I < \ z \ < 3 (ii) I z I > 3 
/ (iii) o < I z + I \ < 2 (iv) I z I < J 

1 
lotion. f (z) = (z+l) (z+3) 

(i) 1 < I z I< 3. ⇒ 

⇒ 

Aas. 
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This tends to bm la1 + a2I ~ la1I - la2I 
Asz ➔ a R.H.S = oo. 

I 6fijjjjjj£j Write all possible Laurent series for the function 
1 

/(z) z(z+2)3 

about the pole z = - 2. Using appropriate Laurent series 
1 

Solution. To expand 3 about z = - 2, i.e., in powers of (z + 2) we 
z(z+2) ' put z + 2=cc I. 

Then f(z) 
z(z + 2)3 

(I - 2)13 T I - 2 

=l ~'r½)=- ,'.,HJ' 
[O <i z - 2 1< 1or 0 <i t l< I] 

I[ 1 12 13 14 1s ] X' 
=-- !+-+-+-+-+-+ 

213 2 4 8 16 32 .. . 

I I I I t t 2 
- ------------ + 

213 4t2 81 16 32 64 .... 

2(z + 2)3 4(z + 2) 2 
.::+2 (.:: + 2)" 

8(z+2) 16 32 - ~ + 

11@\mfA• Expand _e_' -
2 

about z = I 
(z- 1) 

Solution. Let. e' e1+1 
f(z)=- =-

y 

Ans. 

(z-1)2 12 [Pu t.:: - I = 1 => : = I + t] 

= e-{ = ~[1+1+.C+ .C.+ ... ]= e[_l_+l+_l_+_!_ ] 
I I 2! 3! t2 t 21 3! ... 

=e[__l___+ 1 1 z- 1 ] 2 --+-+ + _ _ (z- 1) z- 1 2! 3! ··· 
Which is required expansion. 

Ans. 

h (
., ,1, I 

Expand J (z) = cos " r 

iuoon.f (z) is analytic except z == 0 
so an be expanded by Laurent theorem. 
f(Z) C . - ~ b 

f(z) =" a z" +""' 2. .i_ n ~ II 

'1'=-0 ,i:; \ Z 

a =_J_ f J(z)dz b =-1-_J f(z)z -"-
1
dz 

n 21tdc (z - 0)"+1' II 2m C 

1 cosh( z+.!..) 
a = - J ( 2 dz 11 21ti c 

2
11+\ 

= _I_ flit cosh (2cos 0) i/ 8 de 
21td o ei(n+ 1)e 

= _l_J2n cosh(2cos0).ie;e de 
2Jti O ei(n+\)0 

=~J2
" cosh(2cos0) e-";8d 0 =...:!_ r2

1t cosh(2cos0) (cosn0-isinnS) d 
21t o 2n Jo 

l j2n i J . 0d0 = - cosh(2cos0) cos110d0-- cosh (2cos 8) smn 
27t O 21t C 

= ;nr cosh(2cos0)cosn0d0+0 

Similarly, 
l f 2;; 

b =-] cosh(2cos0)cos(n0)d0 
n 21t 0 

I 
\ f we write - for z in the given function 

z 

Solution. f (z) is not analytic at z = 0. 
Therefore f (z) can be expanded by Laurent theorem. 

~ ~ b 
J (z) = I, a,,z" + L, ~ 

n=O n=\ Z 

__ l J f(z)dz and bn =~J J(z)z"-1dz 
where a,, - 2ni c (z - O)n+l 2m c 

1 
sinc(z+~jdz 

a= _f n+I 
n 2,ri Jc Z ow, 

Ans. 

[ 
z=e•ll ] 

dz= ie'lld9 


